Abstract-In this work, threshold mode structures of twodimensional (2D) photonic crystal (PC) lasers are presented. The subjects of this paper are finite photonic crystal structures with circular holes arranged in square and triangular lattices. In each case, both transverse magnetic (TM) and transverse electric (TE) polarization are studied. The analysis is based on the coupled-wave equations and analyzes modes' behavior for the wide range of coupling coefficient values. The laser mode is characterized by threshold gain and frequency deviation, and these quantities depend on coupling constants, which means that the threshold gain of the mode and the mode's frequency deviation depend on the coupling constants. Presented analysis gives an interesting insight into behavior of the modes in photonic crystal lasers.
INTRODUCTION
Recently, there has been increasing interest in two-dimensional (2D) photonic crystal (PC) lasers utilizing a 2D distributed feedback (DFB) mechanism. They have been attracting much attention because of their important characteristics, such as single mode operation in a large cavity area and a diffraction-limited circular-shape output beam [1, 2] . The PC laser demonstrations were obtained under pulse excitation, weather optical or electrical, as well as continues wave regime [3] [4] [5] [6] [7] [8] [9] [10] [11] . Simultaneously, theoretical models of PC laser structures have been developed [12] [13] [14] [15] [16] [17] [18] [19] . Particularly, coupled-wave models for square and triangular lattices 2D PC lasers with transverse electric and transverse magnetic like modes have been presented. In [16, 17] , the coupled-wave equations and field distributions for square lattice PC laser were shown for TE and TM modes, respectively.
In [15] , the expressions for the resonant frequencies of mode derived from the coupled-mode equations describing the characteristics of experimental results for the band-edge frequencies of the 2D PC laser are shown.
In the case of TM-like modes [17] , the threshold characteristics for this kind of laser structures have been obtained. It is also shown that this lasing mode can be selected by manipulating the filling factor or the boundary reflection. In order to further develop the PC laser, it seems to be important to investigate different crystal geometries such as triangular lattice. A PC laser with triangular lattice geometry has been studied [3, 4] and was found to have six resonant modes at the edge of photonic band structure. Some of the resonant properties have been studied in further works [7, 12] . Recently, coupled-wave model for triangularlattice photonic crystal with transverse electric polarization has been presented [18] . The analytic expressions that describe the relations between the resonant mode frequencies and coupling constant have been derived. However, it is also important to understand the resonant modes with TM polarization, since for example the promising light sources for TM region (e.g., quantum cascade lasers) have their gain in TM polarization [20] . In this paper, two cases of photonic crystal symmetries (square and triangular) and TE and TM polarizations, for each structure, are analyzed. In comparison with earlier works, this one gathers all four possible scenarios and analyzes them in the wide range of the coupling coefficient values, extending the two-dimensional coupled-wave model for triangular lattice photonic crystal laser to describe threshold behavior of the TM-like modes.
COUPLED-WAVE MODELS
Throughout this work a PC structure in a fixed square area with circular holes arranged in square or triangular lattice is considered. Following works of, e.g., Plihal and Maradudin [14] and Sakai et al. [2, [16] [17] [18] , four cases are distinguished: PC cavity with square and triangular lattices with, in each case, TE and TM modes. The discussed structures are schematically shown in Figure 1 . These structures are assumed to be uniform and not confined in the z (a) (b) Figure 1 . A schematic cross section of (a) square and (b) triangular lattice photonic crystal structures.
direction.
The scalar wave equations for the electric and magnetic fields, E z and H z , respectively, are written in the following form [14] :
and
In Equations (1) and (2), the constant k is given by:
in case of TM mode [17] and by
in case of TE mode [18] . In Equations (3) and (4) β = 2πε
0 /λ where ε 0 = ε(G = 0) is the averaged dielectric permittivity (ε 1/2 0 corresponds to averaged refractive index n), α an averaged gain in the medium, κ(G) the coupling constant, λ the Bragg wavelength, G = (mb 1 , nb 2 ) the reciprocal lattice vector, and m and n the arbitrary integers. b 1 and b 2 vary depending on the structure symmetry. Therefore, these vectors are expressed in the following forms b 1 = (β s 0 , 0) and
for square lattice, and b 1 = (β t 0 , 0) and
2 ) for triangular lattice structure, where β s 0 = 2π/a and β t 0 = 4π/ √ 3a. In the derivation of Equations (3) and (4) following e.g., [17, 21] , we
λ , ε G =0 ε 0 , and α G β. In these equations, the periodic variation in the refractive index is included as a small perturbation and appears in the third term through the coupling constant κ(G) of the form:
In (5), plus sign refers to TM polarization (3), while minus sign refers to TE polarization (4) . Further, we set α(G)| G =0 = 0 neglecting spatial periodicity of gain. In the vicinity of the Bragg wavelength, some of the diffraction orders contribute to the coupling of waves in more significant way than the others. In general, a periodic perturbation produces an infinite set of diffraction orders. The Bragg frequency corresponding to the Γ point in the photonic band structure [12] is chosen for the purpose of this paper, and the most significantly contributing coupling constants are expressed as follows:
In Equations (1) and (2), electric and magnetic fields for the infinite periodic structure are given by the Bloch mode [14] :
where functions e(G) and h(G) correspond to the plane wave amplitudes, whereas wave vector is denoted by k. It is worth noting here that for the more general three-dimensional case with vertical confinement (i.e., in z direction) only the waves diffracted in the plane should be included, e.g., [24] . In the first Brillouin zone k = 0 at the Γ point [16] [17] [18] . For a finite structure, the amplitude of each plane wave is not a constant, so e(G) and h(G) become functions of space. At the Γ point, we consider only the amplitudes (e(G), h(G)) which are the most significant and let include one-and two-dimensional coupling effects, i.e., in most cases with |G| = β s,t 0 , except for square lattice with TE polarization where additional h(G) amplitudes with |G| = √ 2β s 0 have to be included [15] . For the purpose of this article, the contributions of higher order waves in the Bloch mode are considered negligible, which in general is not true, especially for non circular holes, e.g., [24, 25] .
Square Lattice

TM Polarization
Considering square lattice photonic crystal with TM polarization, it is assumed that at the Γ point, the most significant contribution to coupling is given by the electric waves, which fulfill the condition (|G| = β s 0 ). Thus, all higher order electric wave expansion coefficients (|G| ≥ √ 2β 0 ) are neglected. Four basic waves most significantly contributing to coupling are depicted in Figure 2 . Equation (7) describes infinite structures. It is possible to take into account the fact that the structure is finite by using the space dependent amplitudes, e.g., [15] . Thus, the electric field (7) in the finite periodic structure can be expressed in the following way:
. . 4 are the four basic electric field amplitudes of waves propagating in four directions +x, −x, +y, y. These amplitudes correspond to e(G) in Equation (7) . In further analysis, the space dependence notation is omitted.
Putting Equations (3) and (9) into Equation (1), and assuming the slow varying electromagnetic field, one can get the set of coupled mode equations [17] :
is the Bragg frequency deviation, κ 2 and κ 3 are coupling coefficients [18] . The κ 2 coefficient is responsible for orthogonal coupling (e.g., the coupling of E s 1 to E s 2 and E s 4 ), and κ 2 corresponds to backward coupling (e.g., the coupling of E s 1 to E s 3 ). The additional coef- Schematic cross section of square lattice photonic crystal laser active region, where the eight basic waves involved in coupling for TE polarization are shown.
ficient κ 0 denotes surface emission losses [16, 17] . Solution of Equations (10)- (13) for the boundary conditions:
defines eigenmodes of the photonic structure. The analysis of this solution will be shown in Section 3.
TE Polarization
In the square lattice photonic crystal cavity with TE polarization, as mentioned before, the coupling process involves magnetic waves satisfying following conditions (|G| = β 0 ) and (|G| = √ 2β 0 ) [16] , neglecting higher order Bloch modes.
Eight basic waves most significantly contributing to coupling are depicted in Figure 3 .
Similar as in the case of TM polarization, the equation for magnetic field (8) describes modes for infinite structure. Thus, the finite dimensions of the structure are described by spatial dependence of magnetic field amplitudes [16] , and the magnetic field (8) is written in the following form:
In Equation (16), H s i , i = 1 . . . 8 are the eight basic magnetic field amplitudes of waves propagating in directions schematically shown in Figure 3 . These amplitudes correspond to h(G) in Equation (8) . Joining Equations (4), (16) , and (2), and assuming slowly varying amplitudes, the coupled-wave equations for TE modes in square lattice PC are obtained:
In the derivation of the above equations, the derivatives of slowly varying amplitudes H s i , i = 2, 4, 6, 8 and terms much smaller than δ were neglected. In Equations (17)- (20), δ is the Bragg frequency deviation, given by (14) . The expressions for the coupling coefficients κ 1 , κ 2 , and κ 3 can be found in [16, 18] .
In contrast to TM polarization, in Equations (17)- (20), the coupling coefficient κ 2 responsible for coupling in perpendicular direction vanishes. The coupling coefficient κ 3 has the same meaning as described in the previous case, whereas the coupling coefficient κ 1 describes, for example, the coupling of waves H s 1 , H s 2 , and H s 8 . Solution of Equations (17)- (20) while taking into account boundary conditions:
defines structure eigenmodes at lasing threshold, i.e., in the linear case.
Triangular Lattice
TM Polarization
In the triangular lattice photonic crystal cavity with TM polarization, the coupling process involves waves satisfying following conditions (|G| = β 0 ) [18, 19] , neglecting higher order Bloch modes. Six basic waves most significantly contributing to coupling are depicted in Figure 4 . The space dependent amplitudes for electric field e(G) (Equation (7)) in triangular lattice photonic crystal cavity are written in the following form [19] :
In Equation (22), E t i , i = 1 . . . 6, are the six electric field amplitudes propagating in the symmetry directions ( Figure 4 ). Combining Equations (3), (22) and (1), and assuming slowly varying amplitudes, the coupled-wave equations for TM modes in triangular lattice PC are obtained:
In Equations (23)- (28), as in the case of square lattice, δ is the Bragg frequency deviation, given by (17) , while κ 1 , κ 2 , and κ 3 are the coupling coefficients, defined by (6) , and expressed in, e.g., [19] . These coefficients describe strength and direction of the coupling of the waves, e.g., the coupling of (23)- (28), there is an additional coefficient κ 0 which, as in the square lattice case, is responsible for surface emission losses [7, 22] .
Solution of Equations (23)- (28) for the boundary conditions
defines structure eigenmodes at lasing threshold.
TE Polarization
In the triangular lattice photonic crystal cavity with TE polarization, the coupling process involves waves satisfying the same condition as it was stated in TM polarization case, i.e., (|G| = β 0 ) [18] , neglecting higher order Bloch modes. Six basic waves most significantly contributing to coupling are depicted in Figure 5 . The magnetic field amplitudes h(G) (Equation (8)) in the triangular lattice photonic crystal cavity are written as follows [18] : In Equation (43), H t i , i = 1 . . . 6, are the six magnetic field amplitudes propagating in the symmetry directions ( Figure 5 ). Combining Equations (4), (30) and (2), and assuming slowly varying magnetic field amplitudes, the coupled-wave equations for TE modes in triangular lattice PC are obtained:
where the coupling coefficients κ 1 , κ 2 , and κ 3 have the same physical meaning as described in the TM polarization case. The boundary conditions for the square region of PC with triangular symmetry are written as:
NUMERICAL ANALYSIS OF THE PC LASER THRESHOLD OPERATION
Square Lattice
TM Polarization
In Figure 6 , an enlarged area of a square lattice photonic crystal dispersion curves for the first four modes (A, B, C, D) in the vicinity of Γ point is shown. The plane wave method [23] was used to plot the dispersion characteristic for the infinite two-dimensional PC structure with circular holes ε b = 9.8 arranged in square lattice with background material ε a = 12.0. The ratio of rods radius to lattice constant was set to 0.24, and the number of plane waves was set at about 1024. In Figure 6 , each of the selected (A, B, C, D) points represents a mode, characterized by Bragg frequency deviation δ, threshold gain Figure 6 . An enlarged area of a square lattice photonic crystal dispersion curves for the first four modes in the vicinity of Γ point. Square lattice, TM polarization. α, and threshold field distribution. These characteristic values were calculated by the numerical solution of Equations (10)- (13) . In order to assign appropriate points A, B, C, D to the obtained numerical values, it was necessary to use the analytic expressions for the Bragg frequency deviation [15] :
These expressions were obtained from Equations (10)- (13) where no gain (α = 0), no loss (κ 0 = 0, α L = 0), and no spatial dependence of electric field amplitude were assumed.
Equations (10)- (13) were solved numerically for the wide range of coupling coefficients (κ 2 , κ 3 ), obtaining solutions ((δ, α, E s l ) j ) κ 3i , where l = 1, 2, 3, 4, κ 3i corresponds to subsequent values of coupling coefficient for different modes j = A, B, C, D. Assigning numerical values of δ j to analytical solutions (38), the mode structure of 2D square lattice PC laser with TM polarization has been obtained. Figure 7 shows the field distributions In Figure 8 , the normalized threshold gain α L was plotted as a function of Bragg frequency deviation δ, for various values of the normalized coupling coefficient κ 3 L (which takes values from 0.01 to 50). Figure 8 shows that increasing values of coupling coefficient refer to the Bragg frequency deviation increment and threshold gain decrement. Simultaneously for larger values of coupling coefficient, the threshold gain tends to be similar values. It is also worth noting that the threshold gain values for mode A are the lowest in vide range of coupling coefficient. Figure 6 ) development on the threshold gain α vs. coupling coefficient κ 3 curve.
TE Polarization
In Figure 10 , similar as in TM polarization case, an enlarged area of a square lattice photonic crystal dispersion curves for the first four modes (A, B, C, D) in the vicinity of Γ point is shown. The plane wave method [23] was used with the same parameters as done for TM polarization.
Each of the selected (A, B, C, D) points represents a mode, characterized by Bragg frequency deviation δ, threshold gain α, and threshold field distribution. These characteristic values were calculated by the numerical solution of Equations (17)- (20) . In order to assign appropriate points A, B, C, D to the obtained numerical values, as for TM polarization, it was necessary to use the analytic expressions for the Bragg frequency deviation [17] :
These expressions were obtained from Equations (17)- (20) where no gain (α = 0), no loss (κ 0 = 0, α L = 0), and no spatial dependence of magnetic field amplitude were assumed.
Equations (17)- (20) were solved numerically for the wide range of coupling coefficients (κ 1 , κ 3 ), obtaining solutions ((δ, α, H s l ) j ) κ 3i , where l = 1, 3, 5, 7, κ 3i corresponds to subsequent values of coupling coefficient for different modes j = A, B, C, D. Assigning numerical values of δ j to analytical solutions (39), the mode structure of 2D square lattice PC laser with TE polarization has been obtained. Figure 11 shows the field distributions Figure 11(a), B -Figure 11(b), C, D  -Figures 11(c), (d) . They were made for the normalized coupling coefficients |κ 1 L| = 10.96, |κ 3 L| = 4 and filling factor f = 0.16.
In Figure 12 , the normalized threshold gain α L was plotted as a function of Bragg frequency deviation δ, for various values of the normalized coupling coefficient κ 3 L (which takes values from 0.01 to 50). Figure 12 shows that increasing values of coupling coefficient refer to the Bragg frequency deviation increment and the threshold gain decrement. Simultaneously, for larger values of coupling coefficient the threshold gain tends to be similar values. case, it is noticed that TE modes develop higher field confinement in the structure for the greater difference of refractive indices (i.e., higher values of coupling coefficient).
Triangular Lattice
TM Polarization
Similar as in case of square lattice, in Figure 14 an enlarged area of a triangular lattice photonic crystal dispersion curves for the first six modes (A, B, C, D, E, F) in the vicinity of Γ point is shown. The plane wave method [23] was used to plot the dispersion characteristic for the infinite two-dimensional PC structure with circular holes ε b = 9.8 arranged in triangular lattice with background material ε a = 12.0. The ratio of rods radius to lattice constant was set to 0.24, and the number of plane waves to 1024. In Figure 14 , each of the selected (A, B, C, D, E, F) points represents a mode, characterized by Bragg frequency deviation δ, threshold gain α, and threshold field distribution. These characteristic values were calculated by the numerical solution of Equations (23)-(28). In order to assign appropriate points A, B, C, D, E, F to the obtained numerical values, it was necessary to express the Bragg frequency deviation through the coupling coefficients:
Similar to previous cases, expressions (40) were obtained from coupled-mode Equations (23)- (28) where no gain (α = 0), no loss (κ 0 = 0, α L = 0), and no spatial dependence of electric field amplitude were assumed. Equations (23)- (28) Figure 15 shows the field distributions
|E t i | 2 corresponding to the modes: A - Figure 15(a), F -Figure 15(b) , B, C - Figures 15(c), (d), D, E -Figures 15(e) , (f). They were made for the normalized coupling coefficients |κ 1 L| = 13.96, |κ 2 L| = 6.6, |κ 3 L| = 4, and filling factor f = 0.16.
In Figure 16 , the normalized threshold gain α L was plotted as a function of Bragg frequency deviation δ, for various values of the normalized coupling coefficient κ 3 L (which takes values from 0.01 to 50). Figure 16 shows that increasing values of coupling coefficient refer Figure 14 ) development is shown on the threshold gain α vs. coupling coefficient κ 3 curve.
TE Polarization
In Figure 18 , an enlarged area of a triangular lattice photonic crystal dispersion curves for the first six modes (A, B, C, D, E, F) in the vicinity of Γ point is shown. The plane wave method was used to plot the dispersion characteristic with the same parameters as done for TM polarization.
In Figure 18 , each of the selected points (A, B, C, D, E, F) represents a mode, characterized by Bragg frequency deviation δ, threshold gain α, and threshold field distribution. These characteristic values were calculated by the numerical solution of Equations (31)-(36). In order to assign appropriate points A, B, C, D, E, F to the obtained numerical values, it was necessary to express Bragg frequency deviation through the coupling coefficients: Expressions (41) were obtained from coupled mode Equations (31)-(36) where no gain (α = 0), no loss (κ 0 = 0, α L = 0), and no spatial dependence of magnetic field amplitude were assumed. Equations (31)-(36) were solved numerically for the wide range of coupling coefficients (κ 1 , κ 2 , κ 3 ), obtaining solutions ((δ, α, H t k ) j ) κ 3i , where κ 3i corresponds to subsequent values of coupling coefficient for different modes j = A, B, C, D, E, F; k = 1 . . . 6. Assigning numerical values of δ j to the analytical solutions (41), the mode structure of 2D triangular lattice PC laser with TE polarization has been obtained. Figure 19 shows the field distributions
|H t i | 2 corresponding to the modes: A - Figure 19(a), D -Figure 19(b), B, C -Figures 19(c), (d) , E, F - Figures 19(e), (f) .
Plots in Figure 19 were made for the same normalized coupling coefficients as in the case of TM polarization, i.e., |κ 1 L| = 13.96, |κ 2 L| = 6.6, |κ 3 L| = 4, and filling factor f = 0.16.
In Figure 20 , the normalized threshold gain α L was plotted as a function of Bragg frequency deviation δ, for various values of the normalized coupling coefficient κ 3 L (which takes values from 0.01 to 50). Figure 20 shows that increasing values of coupling coefficient refer to the Bragg frequency deviation increment and threshold gain decrement. Simultaneously, for larger values of coupling coefficient the threshold gain tends to be similar values. The difference in the values of degenerate modes' threshold gains stem from numerical inaccuracy. Figure 21 illustrates mode A (showed in Figure 18 ) development with increasing values of coupling coefficient κ 3 on the threshold gain α curve. Compared to TM polarization case, as in square symmetry structures, it can be noticed that TE modes develop higher field confinement in the structure for the greater difference of refractive indices (i.e., higher values of coupling coefficient). Thus in general it can be stated that TM modes are better confined in the structures with small refractive indices difference.
CONCLUSIONS
We have presented a coupled-wave analysis for square and triangular lattices photonic crystal laser with TE and TM polarization. We used coupled-mode equations to analyze PC structures in the wide range of coupling coefficient values distinguishing basic modes. We have plotted threshold characteristics showing lowest threshold modes and their frequency deviations. We also illustrate the lowest frequency mode development with increasing values of coupling coefficient and point out that TM modes are most likely to occur in structures with low dielectric constants contrast.
